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SYMMETRIC POWERS AND MODULAR INVARIANTS OF 
ELEMENTARY ABELIAN p-GROUPS 


JONATHAN ELMER 


Abstract. Let E be a elementary abelian p- group of order q = p n . Let W be 
a faithful indecomposable representation of E with dimension 2 over a field k 
of characteristic p, and let V = S rn (W) with m < q. We prove that the rings of 
invariants k[V’] £ ' are generated by elements of degree < q and relative transfers. 
This extends recent work of Wehlau na on modular invariants of cyclic groups 
of order p. If m < p we prove that k[V’]' E is generated by invariants of degree 
< 2q — 3, extending a result of Fleischmann, Sezer, Shank and Woodcock [6] for 
cyclic groups of order p . Our methods are primarily representation-theoretic, 
and along the way we prove that for any d < q with d + m > q, S d (V*) is 
projective relative to the set of subgroups of E with order < m, and that the 
sequence S d (V*)d>o is periodic with period q , modulo summands which are 
projective relative to the same set of subgroups. These results extend results 
of Almkvist and Fossum pQ on cyclic groups of prime order. 


1. Introduction 

1.1. Modular invariant theory and degree bounds. Let G be a finite group 
and k a field of arbitrary characteristic. Let Lbea finite-dimensional represenation 
of G, which in this article will always mean a left kG-module. We denote by k[V] 
the k-algebra of polynomial functions V —»■ k. This itself becomes a kG-module 
with the action given by 

0/)0) = /(cr _1 v) 

for / G k[V], v G V and cr G G. 

Let {xi,X 2 , ■ ■ ■, x n } be a basis for V*. If k is infinite, we can identify k[V] with 
the polynomial ring k[xi,X 2 , ..., x n ]; this is graded by total degree, and the action 
of G on k[xi,a; 2 , ■ • • ,x n ] is by graded algebra automorphisms. As a kG-module, 
the homogeneous component of degree d in k[V] is isomorphic to S d (V*), the dth 
symmetric power of V*. 

The set of fixed points k[V] G forms a k-subalgebra of k[V] called the algebra 
of invariants. This is the central object of study in invariant theory. The most 
natural goal in invariant theory is to compute algebra generators of k[V] G . This 
is a hard problem in general, especially if |G| is divisible by k. For example, even 
for cyclic groups of order p the list of modular representations V for which algebra 
generators of k[V] G are known is rather short, see m- Some general results are 
known, however. Famously, Noether proved that the ring of invariants C[V] G has 
a generating set consisting of invariants of degree < |G|, for any representation of 
G over C. For this reason, the minimum d > 0 such that 5Di=o MUf generates 
k[V] G as a k-algebra is called the Noether bound and written as /3(k[V] G ). Her 
results were extended independently by Fleischmann [8] and Fogarty [5] to any 
field whose characteristic does not divide the order of G, the so called non-modular 
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case. In contrast, it is known that in the modular case no general bound on the 
degrees of generators which depends on |G| alone exists. Recent work of Symonds 
m has shown that, independently of the characteristic of Ik, k[C] G is generated by 
invariants of degree at most min(|G|, (|G| — 1) dim(R)). 

Fleischmann, Sezer, Shank and Woodcock [6] proved that if V is an indecompos¬ 
able modular representation of a cyclic group of order p , then k[C] G is generated by 
invariants of degree at most 2 p — 3. In particular this shows that Symonds’ bound 
is far from sharp. One goal of this article is to prove the following result: 

Theorem 1.1. Let E be an elementary abelian p-group of order q, k an infinite 
field of characteristic p, W a faithful indecomposable k E-module with dimension 
2. Let V = S m (W) with m < p. Then k[R] s is generated by invariants of degree 
<2<7 — 3. 


Note that if E = C p is a cyclic group of order p there is only one isomorphism 
class of faithful indecomposable representation of dimension 2. Furthermore, if V is 
any indecomposable kG p -module then V = S m (W) for some m < p. So the above 
generalises [6] Proposition 1.1(a)], 

1.2. The transfer. Let G be a finite group, H < G and M a kG-module. We 
denote the set of G-fixed points in M by M G . There is a kG-map M H —» M G 
defined as follows: 

Tr%(f) = $>/ 

cr&S 

where f £ M and S' is a left-transversal of H in G. This is called the relative trace 
or transfer. It is clear that the map is independent of the choice of S. If H = 1 we 
usually write this as Tr G and call it simply the trace or transfer. 

In case M = k[V] this restricts to a degree-preserving k[C] G -homomorphism 
k[y] ff —s- k[C] G , whose image is an ideal of k[V] G . We denote its image by I p . 
More generally, given a set X of subgroups of G, we set I G = Y^ H <=x ^h ■ 

If |G : H | is not divisible by char(k) then Tr^j is surjective. This has many nice 
consequences; in particular, it implies that k[V] G is a direct summand of k[V] ff 
as a k[V r ] G -module, and hence that k[V] G is Cohen-Macaulay if k[T] ff is. It also 
shows that in the non-modular case, every invariant lies in the image of the transfer 
map and every ring of invariants is Cohen-Macaulay. 

From now on suppose that G is divisible by p = char(k) > 0. Choose a Sylow- 
p-subgroup P of G and denote by I G P the sum of all Iq with Q < P. It is 
easily shown that I G P is independent of the choice of P. The ring k[V] G /I G P has 
attracted some attention in recent years. The prevailing idea is that it behaves 
in many ways like a non-modular ring of invariants. For example, Totaro [16] has 
shown that k[V] G /I G P is a Cohen-Macaulay ring for any G and V, generalising 
earlier work of Fleischmann [7], where I G P is replaced by its radical. In the same 
spirit is the following conjecture, reported by Wehlau [Ill- 

Conjecture 1.2. Let G be a finite group and V a kG-module. Then k[V] G /I G P 
is generated by invariants of degree < |G|. 

It had earlier been shown that this holds whenever V is an indecomposable 
representation of a cyclic group of order p. In the present article we prove 

Theorem 1.3. Let E be an elementary abelian p-group of order q, k an infinite 
field of characteristic p, W a faithful indecomposable kE-module with dimension 2. 
Let V = S m (W) with m < q. Then k[V] E /lf? E is generated by invariants of degree 

<q- 
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In other words, this class of representations of elementary abelian p-groups satist- 
fies Conjecture 11.21 Once more, as every representation of a cyclic group can be 
written as a symmetric power of the unique indecomposable representation of degree 
2, this is a generalisation of the earlier result. 

1.3. Symmetric powers and relative projectivity. Let G be a finite group 
and let V and W be finite-dimensional representations of G over a field k. Let 
v±, V2, ■ ■ ■, v m and tt?i, W2, ■ ■ ■, w n be bases of V and W over k. Then the tensor 
product V ® W of V and W is the k-vector space spanned by elements of the 
form Vi ® Wj, where scalar multiplication satisfies \(yi ® Wj) = (A Vi) ® Wj = 
Vi <g) (A Wj) for all A g k. There is a linear action of G on the space defined by 
g(v ® w) = gv ® w + v ® gw. We can take the tensor product of V with itself, 
and iterate the construction d times to obtain, for any natural number d, a module 
T d (V) = K® • • -® K, called the dth tensor power of V. Formally, the dth symmetric 
power S d (V) of V is defined to be the quotient of T d (V) by the subspace generated 
by elements of the form iq®- • -( 8 )Vd—v ( 7(1)®. . .®Vo-(d) where a £ Ed, the symmetric 
group on {1,2,..., d}. We have S°(V) = k for any V, and we use the convention 
that S d (V) = 0 for negative values of d. 

Symmetric powers of indecomposable representations are not indecomposable in 
general, and a central problem in representation theory is to try to understand their 
indecomposable summands. If |G| is invertible in k then this is largely a matter 
of character theory. The first authors to consider the problem in the modular case 
were Almkvist and Fossum [T] . In this remarkable work, the authors give formulae 
for the indecomposable summands of any representation of the form V ® W, S d (V) 
or A d (V ) (exterior power), where V and W are indecomposable representations of 
a cyclic group of order p over a field k of characteristic p. Some of these formulae 
were generalised to the case of finite groups whose Sylow-p-subgroup is cyclic by 
Hughes and Kemper m, and to cyclic 2-groups in Pi- 

Now let H < G and let M be a kU-module. Then kG ®k h M is naturally a 
kG-module, which we call the kG-module induced from M, and write as M j^. 
When a : M —y N is a kiL-homomorphism we define a Yn : M {N by 
a% = id kG ® k ff a. 

Induced modules are not indecomposable in general. A kG-module M which 
is a direct summand of M { hYh is sa id to be projective relative to H, or simply 
projective if H = 1. Other equivalent definitions will be given in Section [2] More 
generally, for a set X of subgroups of G, a kG-module M is said to be projective 
relative to X if it is a direct summand of OxgxM 

We will also show in section [2] that if M is projective relative to X then M G C 
Y^xex Xix(M x ). Consequently, elements of I G are contained in summands of 
k[K] which are projective relative to X. 

The following results of Almkvist and Fossum concerning representations of 
cyclic groups of prime order are of particular interest to us. 

Theorem 1.4 (Almkvist and Fossum). Let G = C p be a cyclic group of prime 
order p and let k be a field of characteristic p. Let V be the unique indecomposable 
representation of G over k with dimension 2 (with action given by a Jordan block 
of size two). 

(i) (Projectivity) Suppose m,d < p and m + d > p. Then S d (S m (V)) is pro¬ 
jective. 

(ii) (Periodicity) For any m,d < p and any r we have a kG -isomorphism 
S pr+d (S m (V)) = S d (S m (V)) + projective modules. 

Of course, in determining the indecomposable summands of any modular repre¬ 
sentation of C p , one is helped enormously by the fact that we have a classification of 
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indecomposable representations. Indeed, the modules Vd+\ := S d (V) for 0 < d < p, 
form a complete set of isomorphism classes of indecomposable modular represen¬ 
tations for C p , and V p is the unique projective indecomposable. Furthermore, each 
has a G p -fixed subspace of dimension 1, and so the number of indecomposable sum¬ 
mands in a given representation is equal to the dimension of the subspace fixed 
by C p . For representations of elementary abelian p-groups, neither of these help¬ 
ful results hold. In fact, if G is an elementary abelian p-group of order p n , then 
unless n = lorp = n = 2, the representation type of G is “wild”; essentially this 
means that there is no hope of classifying the indecomposable representations up 
to isomorphism. In spite of this, we prove the following: 

Theorem 1.5. Let E be an elementary abelian p-group of order q, k a field of 
characteristic p and V a faithful indecomposable hE-module with dimension 2. Let 
m,d < q with m + d > q. Then S d (S m (y)*) is projective relative to the set of 
subgroups of E with order < to. 

Note that in case E is cyclic of order p, S m (V) is self-dual, so this generalises the 
first part of Theorem ll.4l We also prove the following generalisation of the second 
part: 

Theorem 1.6. Retain the notation of Theorem 1 1. 51 Let m : d be integers with 
TO- < q, d > q and let d! = d mod q with d! < q. Then S d (S m (V)*) = S d ' (S m (V)*) 
modulo summands which are projective relative to the set of subgroups of E with 
order < to. 

1.4. Structure of the paper. In order to prove results like the two theorems 
above, we need to determine the isomorphism type of kG-modules up to the addition 
of other kG-modules which are projective relative to certain families of subgroups. 
Given any set X of subgroups of G, one can define a category whose objects can be 
viewed as residue classes of kG-modules up to the addition of relatively A-projective 
modules. This is called the A-relative stable module category. In case X = {1} it 
reduces to the stable module category, which has been written about extensively by 
many authors. We recommend [1] as a good reference. Many familiar results about 
the stable module category generalise in a straightforward manner. In section 2 
we define the A-relative stable module category and gather together the results we 
need, in most cases omitting proofs. The goal of the section is to prove a result 
fCorollarv l2.7D which says something about the relationship between stable module 
categories relative to different families of subgroups. 

The main body of work in this paper is section 3, in which we prove Theorems 
[ITS] and Q~6] In section 4 we turn our focus to invariant theory, in particular proving 
Theorems 11.11 and 11.31 

Acknowledgments. Special thanks go to Professor David Benson a number of 
invaluable conversations at the genesis of this work. Thanks also to Dr. Miifit Sezer 
for his assistance with the proof of Proposition 031 


2 . Relative projectivity and the relative stable module category 

In this section, we fix a prime p > 0 and let G be a finite group of order divisible 
by p. Let k be a field of characteristic p and let A be a set of subgroups of G. Now 
let M be a finitely generated kG-module. M is said to be projective relative to X 
if the following holds: let (j) : M —> Y be a kG-homomorphism and j : X —> Y a 
surjective kG-homomorphism which splits on restriction to any subgroup of H £ X. 
Then there exists a kG-homomorphism if making the following diagram commute. 
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M 



X 


3 


> Y 


> 0 


Dually, one says that M is injective relative to X if the following holds: given an 
injective kG-homomorphism i : X —> Y which splits on restriction to each H £ X 
and a kG-homomorphism <j> : X —> M. there exists a kG-homomorphism ip making 
the following diagram commute. 


0 - 


Y 


<f> 

M 




These notions are equivalent to the usual definitions of projective and injective 
kG-modules when we take X = {1}. We will say a kG-homomorphism is Tb-split 
is it splits on restriction to each H £ X. Since a kG-module is projective relative 
to H if and only if it is also projective relative to the set of all subgroups of H, we 
usually assume X is closed under taking subgroups. 

Relative projectivity is associated very closely with the transfer maps defined in 
subsection o Given kG-modules and M and N, there is a natural left action of 
G on Homij(M, TV) defined by 

( a ■ a)v = aa(a~ 1 v), a £ G,a £ Hom^M, TV), v £ M. 

We write (M, TV) for Homt(M, TV), so that (M, TV) G = Honin^A/, TV). If H is a 
subgroup of G, then the map Tip) : ( M,N) H —>• (M, TV) G will be defined as 

Trg(a)(u) = a a(cr _1 u). 

o-es 

There is also a map resp) : (M, TV) G —> ( M,N) H obtained by restricting homomor- 
phisms. We note the following properties of transfer: 

Lemma 2.1. (1) Let a £ ( M,N) H and /3 £ (M,M) G . Then Tr^)(a) o /3 = 

Tr(a o reSp)(/3)). 

(2) Let a £ (TV, TV) G and /3 £ (M,N) H . Then aoTr < §(/3) = Tr(res^(a) o/3). 
Proof. See [H Lemma 3.6.3(i), (ii)]. □ 


There are many equivalent ways to characteristic relative projectivity: 

Proposition 2.2. Let G be a finite group of order divisible by p, X a set of sub¬ 
groups of G and M a k G-module. Then the following are equivalent: 

(i) M is projective relative to X; 

(ii) Every X-split epimorphism of kG-modules <f>: TV —>• M splits; 

(iii) M is injective relative to X; 

(iv) Every X-split monomorphism of kG-modules <j> : M —>• TV splits; 

(v) M is a direct summand of (BhgxM 4-wt G / 

(vi) M is a direct summand of a direct sum of modules induced from subgroups 
in X 
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(vii) There exists a set of homomorphisms {/3 h ■ H £ X} such that fjn £ 
(■ M,M) h and Ehcx^hWh) = ld M - 
The last of these is called Higman’s criterion. 

Proof. The proof when X consists of a single subgroup of G can be found in |21 
Proposition 3.6.4], This can easily be generalised. □ 

Note that (vi) tells us that M is projective relative to X if and only if M 
decomposes as a direct sum of modules, each of which is projective to some single 
H £ X. The following corollary now follows immediately from [2j Corollary 3.6.7]. 

Corollary 2.3. Suppose M and N are kG-modules and N is projective relative to 
X. Then M <g> N is projective relative to X. 

Let M and N be kG-modules and let X be a, set of subgroups of G. Let 
( M,N) G ' x denote the linear subspace of (. M,N) G consisting of homomorphisms 
which factor through some kG-module which is projective relative to X. We con¬ 
sider the quotient 

(M, N)% = (M, N) g /(M, N) g,x . 

One can define a category in which the objects are the kG-modules and (M, N is 
the set of morphisms between kG-modules M and N. This is called the A-relative 
stable module category, or x stmodkG for short. It reduces to the usual stable 
module category when we take X = {1}. 

The question of whether a homomorphism factors through a relatively projective 
module is also related to the transfer. 

Lemma 2.4. Let M, N be k G-modules, X a collection of subgroups of G, and 
a £ ( M,N) G . Then the following are equivalent: 

(1) a factors through (BhgxM ■ 

(2) a factors through some module which is projective relative to X. 

(3) There exist homomorphisms {fjn £ ( M,N) H : H £ X} such that a = 
^Hex Ti'ff (/3 h ) • 

Proof. This is easily deduced from [21 Proposition 3.6.6]. □ 

If a,/3 £ ( M : N) g , we will write a =x /? whenever a and fj are equivalent as 
morphisms in x stmodkG- In other words, whenever a — /? £ (Bxex Tr^-(M, N) x . 
A homomorphism a £ (M, N) G induces an isomorphism in ^stmodkG if and only 
if there exists a homomorphism fj £ (IV, M) G with the property that ao fj = x id at 
and fj o a =x idj^f- We shall write M N to say that M and N are isomorphic 
as objects in x stmodkG- The following is now easy to deduce: 

Lemma 2.5. Let M and N be kG-modules. Then the following are equivalent: 

(1) M ~x N; 

(2) There exist kG-modules P and Q which are projective relative to X such 
that M ® P = N ®Q. 

The next result, which we will need in the proof of our main theorem, is a 
generalisation of m Lemma 3.1]. 

Proposition 2.6. Let G be a finite group, X a set of subgroups of G which is 
closed under taking subgroups, and y a non-empty subset of X. Let M and N be 
kG-modules and suppose that either M or N is projective relative to X. Suppose 
a £ [AL,N) g has the property that res^(a) factors through a module which is 
projective relative to the set H ny := {K £ y : K C H}, for every H £ X. Then 
a factors through a module which is projective relative to y. 
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Proof. We give the proof when M is projective relative to A; the proof when N is 
projective relative to X is similar. By Lemma \2. 41 we can write, for each H £ X 

resg(a) = ^ Tr k(Ph,k) 

KeHny 

where Ph,k G (M,N) K . Since M is projective relative to X we can write 

Mm = ^2 

Hex 

for some set of homomorphisms {/ih G (. M,M) H : H £ X}. Now we have 

a = ao Id M = Tr %{hh)) 

Hex 

= E Tr i7( res ff(a) 

Hex 

by Lemma 12.1( 2). 

= E Tr £( E T*k(Ph,k) o hh) 

hgx KeHny 

= E Tr ^( E Tr f (few ore sf (hh)) 

hgx KGHny 

= E ( E ° resf (/i ff )) G (. M,N) G ’ y 

hgx KeHny 

as required. □ 

Corollary 2.7. Let a, f3 £ ( M,N) G . Suppose that, for all H £ X, res^(a) =Hny 
res^(/3). Then a =y j3. 

Proof. Apply Proposition 12.61 to a — ft. □ 

Given any kG-module M, it can be shown that there exists a surjective map j : 
P — > M . where P is a relatively A-projective kG-module and j splits on restriction 
to each H £ X. The minimal such P is called the relatively A-projective cover 
of M. This implies the existence, for any kG-module M, of a unique minimal 
resolution P* —» M by relatively A-projective modules which splits on restriction 
to each H £ A. One can then show, using an argument along the lines of j4] 
Proposition 5.2] that a pair of maps a, /3 £ ( M,N) G satisfy a =x P if and only if 
the maps a* and /?* induced between minimal relatively A-projective resolutions 
of M and N are chain homotopic. Dually, there exists an injective map i : M —>• Q 
where Q is a relatively A-projective kG-module and i splits on restriction to each 
H £ X. The minimal such Q is called the relatively A-injective hull of M, and 
leads to an analogous theory of minimal relatively A-injective resolutions. 

The categories x stmodtc are not abelian categories; kernels and cokernels of 
morphisms are not well-defined. Rather, they are triangulated category. See m 
for a full definition of a triangulated category. In a triangulated category there is 
a construction called a mapping cone, which replaces the cokernel. This works as 
follows: given any morphism M N we choose a representative a £ ( M,N) G . 
Now let j : ker(a) —>• M be the canonical inclusion and denote by i : ker(a) —> Q the 
inclusion into the relatively A-injective hull of ker(a). Since i splits on restriction 
to each H £ A there exists a, 9 £ ( M,Q) G such that 9 o j = i. Now define 
a' : M —>- N © Q by a'(m) = (■ a(m),9(m )). One can check that a' is injective. 
Then the mapping cone of the original morphism is defined to be the cokernel of 
a!. It can be shown in the fashion of [U Proposition 5.5] (using the chain homotopy 
property of equivalent morphisms) that this construction is independent of the 
choice of a. Of course, if a is injective one can take a = a'. This implies 
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Lemma 2.8. Let a,p G (M,N) G with a =x P- Suppose a and ft are injective. 
Then coker(a) ~x coker(/3). 

We end this section with an elementary result which will be useful in section HJ 

Lemma 2.9. Let M be a k G-module which is projective relative to a set X of 
subgroups of G. Then M G = Y^hgx Tr 

Proof. It suffices to prove M G C Y^Hex Tr# (M H ), the reverse inclusion being 
clear. As M is projective relative to X , there exists a set of homomorphisms 
{Ph G (A/, M) h , H G X} such that IcIm = Y2hgx Tr# (/?#). Now let v G M G . As 
v G M H for all H G X, we have Ph(v) G M h for all H G X, and 

Tt h(Ph)(v) = ^ crPH(cr~ 1 v) = ^2 a PH(v) = Tr#(/3 ff (u)) 

<jES 

where S' is a left-transversal of H in G. Therefore 

v = Id M (v) = Tr h(Ph)(v ) = ^ Tr G h {Ph{v)) C ^ Tr G M H 

H&X HGX HeX 

as required. □ 


3. Decomposing Symmetric Powers 

3.1. Periodicity. We begin by describing a decomposition of symmetric powers 
applicable to all p-groups. Let G be any finite p-group, k a field of characteristic p, 
and let V be any finite-dimensional indecomposable kG-module. It is well-known 
that one may choose a basis {a;o, xi,..., x m } with respect to which the action of G 
is lower-unitriangular, preserving the flag of subspaces ( x m ) C (x m -i,x m ) C ... C 
(xo,Xi,... ,x m ). We will refer to xo as the “terminal” variable and to x m as the 
“initial” variable. For any iGkwe set 

n g (x) = n y 

yeGx 

where Gx denotes the orbit of x under G. 

Now let q denote the order of G, and let B(V) be the set of all polynomials 
in xo, Xi ,..., x m whose degree as a polynomial in xq alone is strictly less than 
q. B(V) = ©d>o B d (V) is graded by total degree. Since G fixes the subspace 
(x\,X 2 ,... ,x m ), B(V) is a kG-submodule of S(V). Further, given any / G S d (V) 
with a;o-degree > q we may perform long division, writing uniquely / = Nc{xo) a f + 
b with /' G S(V) d ~ q and b G B(V), where a = q/\Gxo\- Iterating this process we 
obtain an isomorphism of graded kG-modules 

(1) S(V) d ^N G (x 0 y®S{V) d '®B d {V) 

where s and d' are the quotient and remainder when d is divided by q respectively. 

Remark 3.1. Suppose IF is a direct summand of S d (V), and / G S r (V) G . Then 
/ (g> IF is a submodule of S d+r (V) in general. One way of viewing the above is to 
say that Ng(xq) <8> IF is always a direct summand of S d+q (V). We sometimes say 
that IF is propogated by the invariant Ng{xq). Note that if IF is projective, then 
since projective modules are injective we have that / ® IFais a direct summand of 
S d+r (V) for any / G S r (V) G - in other words, the projective direct summands are 
propagated by every invariant. 

Now since multiplication with x m induces an injective map S d (V) —>• S' d+1 (F), 
there is an exact sequence of kG-modules 

0 —> S d (V) ^ S d+1 (V) —► S d+1 (V/x m ) —> 0. 
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As multiplication by x m does not affect the xo-degree and the second map does not 
increase it, this restricts to an exact sequence of kG-modules 

0 —> B d (V) B d+l (V) —> B d+1 (V/x m ) —> 0. 


3.2. Additive subgroups of fields of prime characteristic. Let E be an ele¬ 
mentary abelian p-group of order q = p™ and V a 2-dimensional faithful kill-module. 
As every representation of a p-group is conjugate to one in upper-unitriangular 
form, we may fix a basis { X , Y } of V such that the action of each a £ E is given 
by a ■ X = X, a ■ Y = Y + p(a)X , where p : E —> (k, +) is a homomorphism, 
which must be injective as V is faithful. This allows us to regard E as an additive 
subgroup of k and prompts the study of such subgroups. 

Lemma 3.2. Let G < k be an additive subgroup. Define the polynomial 

t g ( x ) = J|(x-a). 

aCG 

Then Tq(x) is a linearized polynomial, i.e. 

n 

T G ( x ) = J 2 bixpi 

i—0 

for some coefficients bi £ k. 

Proof. See [HI Theorem 3.52]. □ 


The author thanks Jyrki Lahtonen for bringing this lemma to his attention. 


Corollary 3.3. The power sum 

Si(G) = 

aeG 


is zero for all i < q — 1. Further, S q -i(G) € k is not zero. 

Proof. We have Tc{x) = X]j=o e q-i xJ where ej denotes the degree j elementary 
symmetric polynomial in the elements of G. For j < q , Lemma 13.21 implies that 
ej = 0 unless j = q — p m for some 0 < m < n. Now the power sums may be 
expressed in terms of elementary symmetric polynomials by means of the Newton- 
Girard identities; these are most readily written in matrix form as 


Si(G) 


ei 1 

2e2 e\ 


0 

1 


0 

0 


iei ei —i ej_2 • ■ • ei 


Now we see straight away that the leftmost column consists entirely of zeroes if 
i < q — 1, since for all j < i we have either ej = 0 or j = 0 mod p. We also see 
that S q -i(G) = —e q -\. Now e q -± is equal to 

e n «■ 

0&GaeG,a^i 3 

But here the summands are all zero except when fi = 0, hence 

e q~i = n ^ 

q'GGjQ't^O 


□ 




10 


JONATHAN ELMER 


3.3. Representations of elementary abelian p-groups. For the rest of this 
section, let E < k and let V = (X, Y) be a 2-dimensional faithful kU-module with 
action as in section [3T2l We want to study the modules S m (V)*. For any i <m set 
a t = X m ~ l Y' 1 . Then the set do, aq,..., a m forms a basis of S m (V), and the action 
of a G E on this basis is given by 

i 

(2) a ■ a, = 

3=0 

Notice that this does not depend on m; we have an inclusion S rn (V) C S m+1 (y) 
for any m > 0. Now let xo,x\.x rn be the corresponding dual basis of S m (V)*-, 
the action here is given by 

m—i 

(3) a-Xi = ( %+ i J )(- a y x i+j- 

3=0 

Note in particular that x m G ( S m (V)*) E and S m {V)*/(x m ) “ This 

follows because x m = S ,m_1 (F)- L . We adopt the convention that for a natural 
number r, rW denotes the direct sum of r copies of W. 


Proposition 3.4. The following is true of the modules S m (V)* : 

(i) S m (V)* is indecomposable for m < q — 1, and 5 9_1 (V r )* = kE. 

(ii) S qr+m (vy “ S m {V)* ®rkE form <q-l and any r. 


Proof. By [3] Proposition 3.2], the ring of invariants S(V) E is a polynomial algebra 
generated by X and Ne{Y). Therefore the Hilbert Series of S(V) E is 


w (i-tyi-t*)- 

and so dim(S' m (H) £; ) = 1 for m < q — 1. Since a module is indecomposable if and 
only if its dual is, and since dim(S' ,ra (l/)*) = m + 1 we obtain (i). 

Now let P denote the projective module S' 9_1 (P), and let B = ®^ZqS 1 (V). We 
form the graded submodule T = Q) d>0 T d of S(V) defined as 

(5) T = (k[X, 7V S (F)] (8 P) © (k[iV B (y)] ® B), 


with grading induced from that on S(V). By Remark l3.ll . T is a direct summand 
of S(V). Clearly T^ +m “ r(k E) © S m {V). The Hilbert series of k[JV B (y)] is 
As the dimension of B in degree k is k + 1 if k < q — 2 and zero otherwise, we have 


H{B, t) = 1 + 2t + 3t 2 + ... + {q - 1 )t q ~ 2 = 


d 

dt 


1 -t q 
1 -t 


-qti 


-l 


1 - t 


1 -t q 


Finally, as P has dimension q and lies in degree q — 1, we have H(P, t) 
Therefore 


H(T,t)=qt 


1 


1 / —qt q ~ l 1 ~t q \ 

l-E V 1 ~t + (1 -t) 2 J 


1 

O^iy 


= qtv- 1 . 


Therefore T = S(V). Taking duals on both sides gives the required result. □ 


We need a little more information about the decomposition above. Suppose 
that 0 < m < q and let {xo, X\,.. . x qr+m } be a basis of W = S qr+m (Vy such 
that the action of E on W is given by ©• Use a lexicographic order on W with 
xq > X\ > ... > x qr + m ■ We claim that 

Lemma 3.5. The fixed point x qr + m G W is contained in the summand of W 
isomorphic to S m (Vy. 
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Proof. Recall that for any p-group an indecomposable kP-module M is projective 
if and only if Tr P {M) ^ 0. Further, Tr E (kP) is one-dimensional. Now observe that 
for every 0 < i < r we have 


m—iq 

Tr E {x iq ) = £ 


3=0 


(n + j\ 

V *9 J 





( J"| a Xiq+q-x + lower degree terms 

Q'E.EjO'^O J 

by Corollary 13.31 The binomial coefficient here is equal to one by Lucas’ Theorem 
(see [5]). The decomposition of W into indecomposables implies dim(Tr E (VF)) = r 
and dim(W) B = r+1. Our calculations show that Tr^zo), Tr £ '(a; 5 ),..., Tr £ '(x( r _i) g ) 
are linearly independent and hence form a basis for Tr E (W), and that x qr +m 0 
Tr E {W). Consequently, x qr + m can be taken to be the fixed point of the summand 
of W isomorphic to S m (V)*. □ 


C’T 1 ) 


Being projective, the modules S' 9_1 (R)* are permutation modules. It follows 
that their symmetric powers are also permutation modules. The next lemma helps 
identify the isomorphism classes of these permutation modules. For any k < n we 
denote by X j. the set of subgroups of E with order < p k . 


Lemma 3.6. Given d > 0 we write d = rp k where k < n is maximal such that p k 
divides d. Then we have 


(i) Ifk<n, S d (kE) ~ Xk 0. 

(ii) If k = n then S d (kE) —a„_i k. 

(iii) For any k we have more generally 


S d (kE) 


0 


i—k 


E'<E,\E'\=p k 


jn—k 


+ r — 1 


Proof. Let W be a direct summand of S d (kE). Then IT is a permutation module; 
let {cr-m : a £ E} be a basis of W, where m is some monomial of degree d. Then W 
has isomorphism type k f E , where E' is the stabiliser of to. Clearly if the monomial 
to has stabiliser E' then to can be written as a product of monomials of the form 
II a£E'(. arn ')- I n particular, we must have that E' divides deg(m). This establishes 
(i). On the other hand, if d = rp n then there is a unique monomial with stabiliser 
E, namely This establishes (ii). 

Now let E' be a subgroup of E with order p k . Define a power series P(E',t) = 
zCd>o t d where M E is the number of monomials of degree d fixed by E'. Then 
we have 

P( E >t) = ^ _ ip kyn-k 


r =0 


jn—k 


+ r — 1 


t rp 


by the generalised binomial theorem. Therefore the number of summands of S d (kE) 

( „n-k _|_ r _ 

J , as each one spans a submod¬ 
ule of dimension p n_fc . As there are no trivial summands and all other summands 
are induced from smaller subgroups, we have proved (iii). □ 
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3.4. Main results. In order to make the main results more readable we intro¬ 
duce some more notation: we write Bd, m for B d (S m (V)*), and a d ,m for the map 
S d (S m (V)*) —> S d+1 (S m (V)*) described in section [3711 By the remarks following 
equation [3] we obtain, for any d and m < q an exact sequence 


( 6 ) 


Bd.,i 


Bd+l,r, 


Bd+l,m — l 


0. 


When E' < E is a proper subgroup we will write Bd,m{E') for B d (S m (V 4-e')*)- 
Note that this is not the same thing as Bd } m Ie 1 ', if rn < \E'\ the the former consists 
of polynomials whose degree as a polynomial in the terminal variable of S m (V)* is 
< \E'\ while the latter consists of polynomials whose degree as a polynomial in the 
terminal variable of S m (V)* is < q. 


Proposition 3.7. Let d,m be a pair of positive integers with m < q and m + d > q. 
Then the following hold: 

(i) Bd,m is projective relative to the set of proper subgroups of E. 

(ii) Assuming n > 2, let s and r be the quotients when d and m respectively 
are divided by p™ _ , with d' and m' the corresponding remainders. Then 
we have 

(7) B d>m ~*„_ 2 0 - 

E'<E:\E'\=p n -i P 


^ is an integer, and 
B d ,m(E) — a„_ 2 0 


provided 


r + s 
r 


r + s — p 
r 


Bd',m'(E') tl 


otherwise. 


Proof. The proof is double induction. The first induction is on n, the rank of E. 
For the n = 1 case, only the first statement needs to be checked. This states that 
B d ,m is projective provided m + d> p and m < p. In this case, E is a cyclic group 
and the proposition reduces to Theorem 11.41 more precisely, to (i) when d < p and 
to (ii) when d > p. 

Now assume n > 1, and that the proposition has been proven for all elementary 
abelian groups of order < p n , in particular for all proper subgroups of E. The proof 
for each n is by downward induction on m, starting at q — 1. When m = q — 1 we 
have r = p — 1 and to' = p 71-1 — 1. There are two cases to consider. First, if d' ^ 0 
then for every subgroup E' < E with order p"^ 1 , B d ^m'{E') is projective relative 
to <r „_2 by induction. Therefore the proposition reduces to the claim that B d , q -1 
is projective relative to <T„_ 2 . The condition d' ^ 0 means precisely that d is not 
divisible by p n_1 , and we showed in this case that S d {kE) is projective relative to 
X „-2 in Lemma TTHl iiib As B d , q -i is a direct summand of S d (S q ~ 1 (V)*) we get 
B d ,m —x n - 2 0 as required. Now assume that d is divisible by p" -1 , i.e. d' = 0. In 
that case, B d ',m'(E') = S°(S q ~ 1 (V Furthermore since d > p n_1 we 

have .s > 1, hence r + s > p. So by Lemma 13.81 


r + s\ (r + s — p 


mod p 


and we have to show that, 


B d .q -1 —X n -2 


® 


E' <E:\E\=p ' 1 


,.-iP 


r + s\ (r + s — p 


; t %. ■ 
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Now by Lemma 13.61' iiil. we have 

S d {s ^(vr)^ 2 0 -( r + s W§ 

and d — q = (s — p)p ra_1 so 

s d - q (s q ~ 1 (V)*) ~^_ a 0 i ( r + s r ~ p ) k t§ 

from which the result follows. This concludes the proof for m = q — 1. Now fix 
to < q — 1 and assume the claim has been proven for all pairs of the form (e, to) 
such that and m + e > q. Let d be such that to + d > q. We have B d + i.m-i = 
coker(a £ ;,m|B (i m )- We use a d , m for this map when the context is clear. We want to 
determine Bd+i t m-i up to the addition of kill-modules which are projective relative 
to X n - 2 ', by Lemma H?~8l it is enough to compute coker(a) where a =a„_ 2 

Let the definitions of d',m',s,r be as in the statement of the proposition and 
let q' = p n_1 . We have several cases to consider. Firstly if d 1 + m! > q' then 
Bd f is projective relative to A„_ 2 , and by induction on n, B d ,m is too. This 
is the domain of ad, m , which is injective, so we must have ad, m =a’„_ 2 0- It follows 
that 

Bd-\-l,m — l — X n — 2 Ed-\-l,m- 

This case now splits into subcases. Let us denote by (dTl)' the remainder when d+1 
is divided by q'. If d ' ^ q'—l then (d+1)' = d'+l, and since m’+d'+l > m'+d' > q' 
we get Bd+i,m —x n - 2 0 by induction on to. We have to show the proposition claims 
Bd+ i,m-i —x n -2 0- Note that m! cannot be zero, since the assumption m' + d' > q ' 
then cannot hold. Therefore (to — 1)' = ( m' — 1) and this is immediate by induction 
on 7i, since (d + 1)' + (to — 1)' = d! + m' > q'. 

On the other hand if d' = q' — 1 then we have ( d+ 1)' = 0. Further, the quotient 
when d + 1 is divided by p 71-1 is then s + 1. The assumption m' + d' > q' rules 
out the possibility that m! = 0, so (to — 1)' = m' — 1 and the quotient when to — 1 
is divided by p n_1 is still r. So the difference of binomial coefficients appearing 
in the formula 0 for Bd+\,m is the same as the one appearing in the formula for 
B d+ i,m-i and since 

B(d+l)',(m-l)' {E') = Bo,m'-l{E') = k = Bo,m'{E') = B(d+l)',m' 


we get the desired equality. 

Now we may assume that m! + d! < q' . Since m. + d> q we have 
q<m + d=(r + s)p n + m! + d' 

=> (r + s)p n ~ 1 >q-m'-d'>p n - p 71 " 1 = p n_1 (p - 1) 
and therefore r + s > p. Since m < q we get r < p and by Lemma 13.81 


r + s 
r 


r + s — p 
r 


mod p. 


Therefore by induction the domain of is 
B d ,m -x n _ 2 0 - 


r + s 
r 


r + s — p 
r 


B d ',m'(E') ff, . 


We claim that 
(8) ttd.m =x n - 2 a : = 


© 


E , <E:\E'\=p n ~ 1 ^ L 


r + S 
r 


r + s — p 
r 


Oid',m' (E ) tE' ■ 


The inductive hypothesis here implies that B d , m is projective relative to X n -\. 
Applying Corollary 12.71 with X = X n _i and y = X n _2 shows that it is enough to 
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check that the formula © is correct on restriction to each E' < E with \E'\ = p n 1 . 
Now the Mackey formula implies that for any IkE^'-module W we have 


W tf' 4 -E'—a „_ 2 


0 E’ 4 E" 
pW E’ = E". 


It follows that for any E' < E with \E'\ = p n 1 we have 


ol Ie’— A„_2 = 


r + s 
r 


r + s — p 
r 


,m / (E ) • 


On the other hand, as kE"-modules S m (V)* = S m (V)* © rS q _1 (V r )* where 
q' = p n_1 . The map a dt m is induced by multiplication by the unique fixed point 
of S m (V)*. In view of Lemma 13.51 a d , m 4 -E’ is induced by multiplication with the 
unique fixed point of the summand S m (F)* of S m (V)*. 

Now S d (S m (V)*) 3* B d , m © S d ~ q {S m {V)*). As kFAmodules we have 

S d (S m (V)*) = 0 5 il (k J B , )<8)...®5' lr (kA , )©S' i (5' m, (I A W)*) 

*l+*2 + - • .+ir+i=P n_1 S+d 1 


ct d ,m being injective, we can ignore any modules in the decomposition of its domain 
which are projective relative to A„_ 2 . So the domain is equivalent to a summand 
of 

S 

0 0 S q ' il (kE’)®...®S q ' ir (kE')®S jq ' +d '(S m '(V 

j—0 i 1 +i 2 + ...+i r =s—j 

by Lemma HOiI iiib Further, S™ +d ( S m (V W)*) — ffi; = 0 Bi q '+d',m'(E'). By induc¬ 
tion on n, the summands here are projective relative to A „_2 for l > 0. Therefore 
we have 

S 

S d (S m (V)*) 0 0 S q ^(\LE')®...®S qi yhE')®B d ,, m ,(E') 

3=0 ii+i 2 +...+i r =s—j 
and a.d, m \-E' on this is equivalent to 


{ a d.’,m'(E ) © idg,'*!^/) © ... © id S5 'i r ^ 

j —0 i\+i 2 + ...i r =s—j 

The summand of S d (S m (V)*) Ie 1 consisting of polynomials divisible by N E (xo) 
is not part of the domain of a d} m] as a k£©module it is isomorphic to S d ~ q (S m (V)*). 
A similar argument shows this decomposes as 

S 

0 0 S q,i yhE')®...®S q ' i yhE')®B d ,, m ,(E') 

3 —0 il+*2+—+*r=8— P~3 


(note that d — q = q's + d' — q'p = q'(s — p) + d') in x n _ 2 stmodkE', and a d , m on 
this is equivalent to 

S 

© © .( OL d ' ,m' (E ) 0 idgg'ij 0 ■ ■ ■ 0 idggv (ts')) 

j —0 ii+i 2 + ...i r =s—p—j 

Note that S q *(k E') —a„_ 2 k for all values of i. So all the summands appearing in 
the two decompositions above are isomorphic. The number of them in the first is 
]T^_ 0 = V(r, s — j) where V[r , k) is the number of ways of writing the integer k as 
a sum of r non-negative integers; an easy combinatorial argument shows that this 
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IS 


r + S 

r 

shown that 


. In the second case it is 


Old,m 4 -E'—X n - 2 


r + s — p 
r 

r + s — p 
r 


for similar reasons. Now we have 


Oid',m'(E') =X n - 2 a \rE' 


and hence a d ,m =a „_ 2 01 which proves our claim. 


Now we must show that the cokernel of a d ^ m is given by the formula for B d+ i, m -i 
in part (ii) of the proposition. Note that a dtm has codomain Bd+i t m- There are 
three cases to check: first suppose that m' ^ 0. It is then not possible to have 
d! = q' — 1. Therefore the quotients when m and d + 1 are divded by q' are r and 
s respectively, and by induction on m we have 

1 


B, 


d+l,ra —AVi -2 


® 


E' <LE:\E'\=p rL 1 


V 


r -h s 
r 


r + s — p 
r 


r + s 
r 


0 ) = © 

E'<E:|B'|=p '“- 1 

and hence 

Bd+i.m-i -x n . 2 0 - 

E'<E-.\E r \=p n - 1 P L 

1 

,_1 P L 


r + s — p 
r 


Bd' + l,m'{E') tf/ 
codomt|/ 


r + 5 
r 


r + s — p 
r 


® 

E'<E:\E'\=p n 


r + 5 
r 


r + s — p 
r 


coker (a d \m’{E')) tf- 
Bd+l,m-l t E' 


as required. 

On the other hand, if m' = 0 then ad\m' is an isomorphism in x n _ 2 stmodkE' 
for every subgroup E' < E with order q'. If in addition d! ^ q' — 1 then as the 
quotient when d + 1 is divided by q' is still s, © still holds and 

1 


coker a d ,m - a -„_ 2 


® 


E' <E:\E'\=p ' 1 


i-i P 


r + s 
r 


r + 5 — p 
r 


coker(a d /, m /(£')) tf/ 


—x n -2 0 - 

This is in agreement with 0 because (to — l)' + (d+l)' = q' — l + d' + l > q', hence 
by induction on n B(^ d+1 y^ m _ 1 y —a„_ 2 0. Finally, suppose that both m 1 = 0 and 
d' = q' — 1. Then the quotient when d + 1 is divided by q' is not s but s +1. We still 

V + s+l\ /r + s + l—p 

r I \ r 


have r < p and r + s + 1 > p, so by Lemma 13.81 
is divisible by p. Therefore by induction we have 


B d+ i, m —x n - 2 0 

E' <E:\E , \=p ' 1 


1 

,-iP 


r + s - 
r 


1 


r + s + 1 — p 




The map ad\m'(E') is again an isomorphism for each E' < E with order q ', and so 
the image of a d , m is contained in 

1 


© 


E' <.E:|.E / |=p 1 


,_i p 


Therefore the cokernel of a d ^ m is 

1 

-i? 


© 

E' <E:\E'\=p n 


r + S 
r 


r -h s 
r — 1 


r H- s H- p 
r 


r + s + p 
r — 1 


: t: 


E 
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This is what we want, because the quotient when m — 1 is divided by q' is r — 1 
and the quotient when d + 1 is divided by q' is s + 1 , so their sum is r + s, and 
B(d+iy,(m-iy —x n -2 — k. n 

In the above we used the following number-theoretic lemma: 


Lemma 3.8. Let r, s be integers and let p be a prime. Suppose that r < p and 
r + s > p. Then 


r + s 
r 


r + s — p 
r 


mod p 


where the latter is interpreted as zero if s < p. 


Proof. If s < p then since s + r > p we have 

fr + s\ _ (r + s)(r + s — 1 ) • • • (p) ■ ■ ■ (s + 1 ) 
V r ) ~ r(r — 1) • • • 2.1 

While if s > p we have 


mod p. 


r + s — p 
r 


(r + s — p) (r + s — 1 - p) ■ ■ ■ {s + 1 - p) 
r(r - 1) • • - 2 • 1 

(r + »)(r + »-l)-.(, + l) /r + A 

r(r — 1) • • • 2 • 1 V r / 


□ 


The following Corollary contains both Theorems 11.51 and 11.61 as special cases. 

Corollary 3.9. Let ( d , m) be a pair of positive integers, with m < p k < q and 
m + d > q. Then Bd,m is projective relative to Xk-i- 

Proof. The proof is by backwards induction on k , the case k = n having been 
covered in Proposition 13.71 Let k < l < n and assume that Bd t m is projective 
relative to X\ for all pairs d , m with d + m > q and m < p l+l . Now suppose m < p l 
and m + d > q; we will show that is projective relative to As m < p l+1 , 

we have that Bd, m is projective relative to Xi. So by Proposition 12.21 ivl. Bd, m is a 
direct summand of 

0 (B d , m W) 

E'eAj 

—Xi_x 0 (B d} m{E') ® B d _ p y m {E') ©...© B d - ap ^ m {E')) tf/ 

E'<E-.\E'\=p‘ 

where a is the largest integer such that a < ( p n ~ l — 1 ) and d — ap l > 0. Note that 

m + d — ap l >m + d — p l {p n ~ l — 1 ) = m + d~p n +p l > p l , 

therefore for each E' the modules Bd^m{E'),B d _ p i m {E '),..., B d - ap i tm {E') are pro¬ 
jective relative to by Proposition 13.71 applied to E ', from which the result 

follows. □ 


4. Applications to invariant theory 

Modular invariants of elementary abelian p-groups are topic of much current 
interest in invariant theory - for example, [3j describes generating sets for all such 
algebras of invariants for representations of dimension 2, and in dimension 3 for 
groups of rank at most three. In this section we shall study the rings of invari¬ 
ants k[y] E where E is an elementary abelian p-group of arbitary rank, k is an 
infinite field of characteristic p and V = S mi (W) ® ... ® S mr (W) for some faith¬ 
ful indecomposable kA-module W of dimension two, and for some set of integers 
nii, m 2 , ■ ■ ■ ,m r with 1 < mi < q for all i. (We assume mi > 1 for each, as clearly 
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k[V ©k] G = k[V] G <g) k[x] where x generates the trivial summand). Let k be the 
smallest integer such that to, < p k for all i. We view E as an additive subgroup of 
k as in section ITTT21 Let 10 , 1 , 111 ,.. . £ mr ,r be the basis of V* such that the action 
of a G E on {xo,i ,..., x mi ,i} is given by the formula ((3J) for all i, and let 

Ni = N E (x 0i i) =]]a (a:o,i). 

aeE 

If / G k[V] then we shall say that / is of multidegree (di, cfo, • • ■, d r ) if / has degree 
di in xo ,i,..., x mit i for all i. As k is inhnite we have a decomposition 

k [V] dl , d2 ,..., dr “ k [S m '(W)] dl ©k [S m *{W)} d2 ® ... © k[S m ^(W)] dr . 

Further, for each i where di > q we have k[5 mi (W)] di — S di (S mi (W)*) = 
N?* ® S di (S mi (W)*) (BBd^rm where d[ and Si are the remainder and quotient when 
di is divided by q and B di}mi is the set of polynomials in S di (S mi (W)*) whose 
degree in Xq y is < q. Notice that, by Theorem 13.91 B di ^ mi is projective relative to 

Xk-i, if di>q - rrij. 

Proposition 4.1. k[P]' B has a generating set consisting of 

(i) The orbit products Ni, i = 1,..., r; 

(ii) Certain invariants of multidegree (d±, c? 2 , • •., d r ), where di < q~ mi for all 

i. 

(iii) Certain invariants of the form Trf \{f) for f G k[V], where H G Xk-i- 

Proof. Let / G k[P]f ijd2 d3> d . If di < q — to,; for all i there is nothing to prove. 

If for some i we have q — nii < di < q then 

KV)l M _ dr s k[^ mi (w)] dl ©k[5 m2 (w)] d2 ©.. .®k[s mi (w)] di <g>.. .®k[^(w)] dr 

is projective relative to X^-i by the above discussion and Corollary 12.31 Then by 
Lemma 12.91 we have / . This completes the proof in case di < q for all i. 

So now assume that di > q. The proof is now by induction on the total degree of 
/ (the case of total degree < q being settled already). We can write 

f = Ntf' + b 

for some unique f G k[P] dl)d2 ,.and b G k[V'] dl ,d 2 ,...,d i ,...,d r whose degree in 
xo,i is < q. Furthermore for any a G E we have 

f = a-f = N° i (a-f')+a-b 

so the uniqueness of division with remainder implies that f and b are invariant. 
By induction, f belongs to the subalgebra of k[P] B generated by the claimed 
generating set and b is a fixed point in 

k[5 mi (W / )]di®---®k[^- 1 (W)]d i _ 1 ® J B (ii , mi ©k[^+ 1 (IF)]d l+1 ©...©k[5 m ’-(W)] dr 

which, by Corollary 12.31 and Theorem 13.91 is projective relative to Xk-\. Then by 
Lemma 12751 we have b G . This completes the proof. n 

In the case q = p the above result is due to Wehlau |TS] , who also obtains more 
information about the invariants of type (ii) appearing in the generating set. Note 
that, since for a cyclic group E of order p every klAmodule can be decomposed 
into one of the form S mi (W)(B ■ ■ .©5 ,mr (W) with W the unique indecomposable of 
dimension 2, Wehlau’s result applies to all modular representations of cyclic groups 
of prime order. Contrastingly, we do not know whether Proposition 14.11 can be 
generalised to arbitrary modular representations of elementary abelian p-groups. 

In the case r = 1 we obtain 
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Proposition 4.2. Let m < p k < q and let X be the set of subgroups of E with 
order < p k . Let V = S m (W). Then the quotient algebra k [V] E /I^ is generated by 
images of invariants of degree at most q. 

Taking k = n above in particular implies Theorem II.31 

4.1. Coinvariants and degree bounds. Let G be a finite group of order divisible 
by p and V a finite-dimensional k-vector space. The Hilbert Ideal TL of k[P] is 
defined to be the ideal generated by positive degree invariants, i.e. k[V] G k[V]. The 
algebra of coinvariants k[V]c is defined to be the quotient k [V] G /TL, or equivalently 
as k[P] ®ijrv]G k. This is a finite-dimensional kG-module. 

Since the map Tr G is k[P] G -linear, it follows that Tr G maps a vector space basis 
for k[P]c to a generating set of the ideal / G . This observation was used to compute 
the Noether numbers for arbitary modular representations of cyclic groups of order 
p in [5] Corollary 3.4]. We want a similar result for elementary abelian p-groups. 

We use the notation of the previous subsection, so let E be an elementary abelian 
p-group of order q = p n , and W a faithful indecomposable kill-module of dimension 
2. Let V = S mi (W) © ... ® S mr (W), where 1 < mi < p for all i = 1,..., r. Recall 
that we may identify E with a subgroup of k and choose a basis £ 0 , 1 , £ 1 , 1 , ■ ■ • x mr:r 
of V* such that the action of a € E is given by the formula P|). Recall that 
{a:i i i,X 2 ,i, ■ ■ ■ ,x mi ,i, ■ ■ ■ ,Xm r ,r} is a kill-submodule of W, and let A be the kG- 
subalgebra of S(V*) generated by these variables. We use a graded lexicographic 
order on S(V*) with x mii i < x mi -iy < ... < Xg,i for all i. 

Proposition 4.3. Let m be a monomial of degree q — 1 in A. Then m is the lead 
term of an element of TL. 

Proof. Write m = ]~[j=i u j where for each j we have Uj = for some t(j) = 

1... r and i(j) = 1,... mt{j) and • For each j we define it' = > an( i write 

to' = UU u 'j ■ Now for each S C {1, 2,..., q — 1} we define S' := {1,2,3,..., q — 
1}\5 and Xs ■= Tljgs u 'j Now define 

p = y. iik- 

aGE j —1 

On the one hand, we have 

q-l 

J] (u'j-a-u'j) = [] (-l)l s 'X s (a-AV). 

i=l SC{1,2,.., Q —1} 

Therefore 

F= n (-1)1*1 As TY b (AsO 

STC{l,2,...,g-l} 

which shows that F € TL. Note that 

OL ■ u'j = a ■ Zi(j)- 1;t (j) = x i(j)-i,t(j) ^ a iU) x i(j), t (j) + terms of lower degree. 

Since TOt < p for all t = l,...,r, the integer i(j) is not zero in k. It follows 
that the lead term of u' — a ■ it' is —ai{j)uj. Therefore the lead term of F is 
EaeE^~ a ) q ~ l ^to, where A = JIj=i *0") a non-zero element of F p C k. By 
Corollary 13.31 a ) 9_1 = p is a nonzero element of k and hence the lead 

term of F is pXm. Dividing F by pA then produces an element of TL with lead term 

TO. □ 

Corollary 4.4. The top degree of the coinvariants k[W]^ is bounded above by q — 
1 +r(q — 2). 
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Proof. It is well known that, with respect to any graded ordering of variables, the 
Hilbert series of a graded ideal and its ideal of lead terms coincide. Therefore it 
suffices to prove that any monomial of degree > q — 1 + r(q — 2) must be the lead 
term of an element of the Hilbert ideal. Let m £ Ik [Id] be a monomial which is 
not the lead term of an element of TL. Write m = n)=i X (f-J l where h £ A. By 
Proposition [431 deg (h) < q — 2. Further, since Xq i is the lead term of Ne(x o,i) we 
must have fc* < q — 1 for each i = 1,... ,r. This completes the proof. □ 

The case r = 1 of the following Corollary is Theorem 11.11 

Corollary 4.5. The Noether number (3(k[V] E ) is bounded above by q — l + r(q~ 2 ). 

Proof. Proposition [4J] with k = 1 and implies that kfR]-® is generated by the orbit 
products Ni, N 2 , ■ ■ ■, N r which have degree q, certain invariants of (total) degree 
< rq — YH= i( m i + 1) < r(q — 2), and elements of I, . Now the previous Corol¬ 
lary implies k[Id]_g has a vector space basis fo, fi, ■ ■ ■, fi consisting of polynomials 
of degree < q — 1 + r(q — 2). Therefore I, is generated as a k[V] B module by 
Tr E (fo), Tr' E (/i), ..., Tr E (/)). The result now follows by induction. □ 

Note that we need the condition m.j < p for all i, otherwise the generating set 
provided by Proposition 14.11 may contain elements of the form Tr| \{f) for non¬ 
trivial subgroups H of E. It is fairly straightforward to show that the degrees of 
these transfers are bounded above by the top degree of the relative coinvariants 
h^[V]e '■= k[V] <8>k[\/]E k[P] ff , but we do not know a method of obtaining an upper 
bound for this at present. 
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